Signal Processing 2017

Benjamin Ding

1 Transforms
Fourier Transform

2. (jQ) = / Tq(t)e I dt

Inverse Fourier Transform
1 [~ »
o(t) = — X, (§)e’d
ral®) = 50 [ Xolie
Fourier Transform of Sampled Signal
Or —
X,(j0) = —
p () o

k=—o00

a (j (2 + k1))

2w
QT == ?
Interpolation

o

xa(t) = Z Zo(nT) sinc(% —n)

n=—oo

DTFT

o0

X(ej“’): Z x[n]e‘j“’”

n=—oo

oo

Z |z[n]| < oo

Inverse DTFT
Com )

DTFT < FT

x[n] X (7)™ dw

o0

X(&9) = X,(jw/T) = 72 > walilew +27K) 7))

k=—o0

Z-Transform
The DTFT is the ZT on the unit circle if z = re?¥
converges

n=-—oo
zeC

Inverse Z-Transform
1
gln] = E]{jG(z)z”_ldz

Residue

lim (z — \g)G(2)2" !

2*})\0

L ! lim {dmil (z — )\OmG(z)znfl}

m—1 z—Xo d;n’_l

ROC

2 Trigonometry

cos(a) = S
sin(a) cos(8) = 2@+ 5) : sin(a — )
cos(a) cos(3) = cos(a + f) ; cos(a — B)
sin(a) sin(g) = <@ —F) - cos(a + f)

3 Analog Filters

Equiripple Monotonic

Chebyshev Type I  PB SB
Chebyshev Type I SB PB
Elliptic PB, SB
Ideal LPF
0
H =
(s) =7 o
. O
H(jQ) = ——
() ORoN

3.1 Spectral Transforms
Qo =02 = Q0o
BW = Q0 — O

Analog Highpass

0,0

3

S =

_ Qpr

Q
Analog Bandpass

Q= fgpw
Q(Qp2 — Qp1)

Analog Bandstop

s — QS§(QSQ - Qsl)
«§2 + Q51(252
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o QSQ(QSQ - Qsl)
Q51(232 - QQ
Ripple Specifications

Q

1 =0, < |Hg(jw)| <146,
oy = ~20log1o(1 — )
[Ha (78] < 6
as = —201logq(ds)
For no anti-aliasing in the interesting band
Qs < Qpr —Q,

Bilinear Transform
LHP maps to inside of UC
Im axis maps to the UC

21—zt
§ = ————
T1+ 21

L 14+ (T/2)s
1-(T/2)s

Q= 2 tan(w/2)
T

w = 2arctan(Q7/2)

3.2 Butterworth LPF
Poles of H(s)H(—s) are equally spaced on r = Q,
S
5 (st
_ 1
14 (92/Q0)2N

Minimum passband gain

H(s)H(—s) =

[H ()

2

S

k‘1:6/\/A2—1

log((1 — 62)/(6%€>
S
_ log(1/k1)
= Tog(1/k)
log(v/A2 —1/)

log(£2,/€2p)

Determine .:
Exceed specification in stopband

1 IR DY
T+ (Q,/9:)2N  1+e (1=0)

Exceed specification in passband

; — 52 = 1
14 (Qs/9)2N s

A2
LHP Poles:

(~s/02)Y = -1

s = 0.6l 2 d(1H20)7/CN)yVERIFY

3.3 Chebyshev LPF

Type 1
1
H,(GOP = ————————
| CL( )| 1+62TN(Q/QP)
Type 2
1
|Ha(jQ)|* = T
(2:/9p)
L+ e (mra))

T — cos(NV arccos(f2)) Q] <1
N cosh(NV arccosh(§2)) |9 > 1

3.4 Elliptic

Faster transition band, equiripple everywhere
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4 Phase and Delay

Phase Delay (Carrier)

6(wo)
wo

Tp(wo) = —

Group Delay (Envelope)
If group delay is constant, there is linear phase

_df(w)

ra(w0) = = |
Linear Phase Filter
H(e%) = e 7P eP [ (w)
H(w) is real
Tg(w) =D

4.1 Minimum Phase Transfer Function

Minimum Zeros all in UC
Non-Minimum Zeros outside UC
Mixed Zeros inside/outside UC
Maximum All zeros outside UC

Can represent any transfer function as
H(z) = Hpin(2)A(2)

Where H,,in(2) is a minimum phase transfer function
A(z) is an all pass filter
1 —1

- " x
2=l 27—y

1—ciz7! 1 —cpzt

= H(2)

unit magnitude all-pass filter

4.2 All Pass Filter
|A(e?%)| = 1 for all w

Ani(2) dy +dpy_127 4+ dyz ML 4 M
Z) =
M Ltdiz 4 tdy g2 ML gy M

e Poles/Zeros are mirrored

e Unwrapped phase is a decreasing function of fre-
quency

e Group delay is positive for all w
e Phase change fromw =0—w=m
is ) To(w)dw = Mm
4.3 Zero Phase Transfer Function
Given a filter H(z)

F(z) = H(2)H (="

z = is a pole of F(z) and z = 1 is also a pole

5 FIR Filters

e Stable
e Easy to implement
e Linear phase can be guaranteed
y[n] = bozx[n] + brx[n — 1]+ - - - + bpyrz[n — M]
H(e?*) = by +bre ™ + ... + byre I9M
Low Pass

z+1
2z

H(z) =

yln] = %x[n] + %x[n —1]

H(e'%) = e™7%/2 cos(w/2)

FIR lowpass filter

@ 1
8
L ] R e s LR T LR
8
B OB N
B 0L T
2
] T
o
2 0 i i i i
0 0.2 04 0.6 0.8 1
Radians per sample (xxt)
0
B 20
]
% B o] LR R R IR |
T
@ B0 T
©
& B0
-100 i i i i
0 0.2 04 0.6 0.8 1
Radians per sample (xxt)
High Pass
z—1
H(z) =
2z
1 1
y[n] = 5z[n] = Sz[n —1]
2 2
H(eI%) = e77@/277/2) gin(w/2)
FIR high pass filter
o 1 T T
2 T T
B 0B e
8
S OB[ e
Goal T
2
I 11 g P S
o
S 0 i i i i
= % 0.2 04 08 0.8 1
Radians per sample (xr)
100
] R
2
8) 10 SRR e R TR PR |
=
@ O T e
&
£ 20| T ..............
o] i i i i
0 0.2 04 0.6 0.8 1

Radiéns per sample (xmt)
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5.1 Classification

Symmetric

H(z)=2"NH(z")

h[n] = h[N — n]
Antisymmetric
H(z)=—2"NH(z1)

Type I
N - even
h[n] = h[N — n]
N/2
9 N N
Hw) = h[f] +2 ; h[f — n] cos(wn)
Type 11
Must have a zero at z = —1, not suitable for HPF
N - odd
hin] = h[N — n]
(N+1)/2
. N+1 1
Hw) =2 nz::l h[T+ — ] cos(w(n — 5))
Type II1
Must have a zero at z = —1 and z = 1, not suitable for
LPF, HPF
N - even

hin] = =h[N —n]

N/2 N
H(w)=2Y hl= —n]si
(w) nz::l [ 5 n| sin(wn)
Type IV
Must have a zero at z = 1, not suitable for LPF
N - odd

hin] = —h[N —n]

(N+1)/2
Hw)=2 Y hEat —n]sin(e(n - 3)

Linear Phase
. . P N
For linear phase causal FIR, must contain term e™72%
Symmetric and Antisymmetric filters are always linear

5.2 Ideal FIR impulse response

HJ“ =1 in passband
Low Pass

= n=>0
hrplnl=< T
LP[ ] {smﬂ};;lcn n 7& 0
High Pass
1— e n=20
h n| = T
HP[ ] {_smﬂo:;n 7’L7é0
Band Pass
Wea—Wel n=0
hBP[n] = {sin:;ruzn _ sinwein n 75 0
Band Stop
1 Wer—wer n=0
hBS[n] = {sinwclnﬁ_ sin wean n 7& 0

5.3 Windowing

e No precise edge frequency control

Width of the transistion region between passband
and stopband in H(e’*) increases with width of
main lobe of W (e?%)

Ripple in PB/SB is dependent on area under side-
lobes

If N increases the width of the main lobe decreases
but area under sidelobes remain constant. This
means transistion region smaller but ripple remains.

Ripple caused by rectangular window is usually
not acceptable, and instead a window which tapers
smoothly to zero at each end is used.

Reduced ripple has tradeoff with wider transition
region. Can compensate by increasing N.

Properties
All symmetric, so ripple in PB and SB are equal

Window Width mainlobe Peak sidelobe 20log10d
Rectangular 47 /N -13dB -21dB
Hanning 81 /N -32dB -44dB
Hamming 8 /N -43dB -54dB
Blackman 127 /N -58dB -75dB
Hanning
2mn

wln] = 0.5 — 0.5 cos( ~ )

Hamming
2
wln] = 0.54 — 0.46 cos(ﬂ)
N
Blackman

2 4
wln] =0.42 — 0.5 cos(% +0.08 cos(%)
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5.4 Parks McClellan Method

Minimises weighted peak error in passbands and
stopbands (equiripple in both)
e(w) = W(e)[H(e’) — D(e’)]

Least squares criterion

mingerey [ W) [H(R) = D)) P

—T

Minimax / Chebyshev criterion

Where R is a set of disjoint frequency bands comprising
the passbands and the stopbands.
Used by the Parks-McClelland method

minH(ejw)maxweR|W(ej“’)|[H(ej“’) — D(ejw)H
Error function for linear phase filters

Where H(w) is real

H(e?%) = e INw/2e3B [ (1)

6 IIR Filters (causal)

e Smaller ripples
e Fewer parameters

e Lower computational complexity and memory

y[n]+ary[n—1]+ - +any[n—N] = bo+bre 7 +- - 4bpre M

bo + bre 99 4. 4 bpreIeM
ary[n — 1]+ -+ +ayy[n — N]

H(e?) =

Low Pass
l—a 14271

z 1—az1

(1 — a)?(1 + cos(w))
2(14 a? — 2acos(w))

HLP(Z) =

|Hpp(e))* =

IIR lowpass fllter

o o o ©o
M R o o
T T T T

Magnitude (linear scale)

i i \ H
0.2 04 0.6 0.8 1
Radians per sample (xmt)

o

b T——
. e

Phase (degrees)

0 0.2 04 06 0.8 1
Radians per sample (xm)

High Pass

14+a 1—271
2 1—az1

HHP(Z) =

IIR high pass filter

Magnitude (linear scale)

i i i T
0 0.2 0.4 0.6 08 1
Radians per sample (xr)

g
=g ~
& N
I i ] N
0 02 04 06 08 1
Radians per sample (xm)
Band Pass
11—« 1—272
Hpp(z) =
Br(2) 2 2-0B(1+a)z7t+az?
r=+a
6 = arceos(B(1 + a)/(21/(a))
: — a)?sin®(w)
H eJw 2 _ (
|Hpr(e™)] (1+a)2(3 — cos(w))? + (1 — a)?sin?(w)
wo = arccos(f)
2«
BW = We2 — Wel = arccos(m)
. IIR band pass filter
§ 1 1
1
é
s j j j ‘
0 02 0.4 0.6 08 1
Radians per sample (xn)
100 :
7 | Bandwidth 0.1
R Bandwidth 0.2 ||
O ol N T
3
B g NI
o
-100 i i i I =
02 0.4 0.6 08 1
Radians per sample (xm)
Band Stop
Magnitude is 0 at wp and 1 at 0,7
14+« 1—2Bz"1 4272
Hps(z) = o

2 1481 +a)z7t+az?
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BW = arccos(ﬁ)
o

IR notch filter

T - ———
5 ‘ : | |
f 08 ........................... P U R PP
5 : : : :
Cosl A\
8 04f —
E Bandwidth 0.1x
50 Bandwidth 0.2
E 0 I i I I

0 0.2 04 0.6 0.8 1

Radians per sample (xm)

Phase (degrees)
=]
(=] o (=)

|
a1
=]

=100

Radians per sample (xm)

7 Causality and Stability

Causality

other

Stability

e BIBO stability is defined as (for continuous and dis-

crete time respectively)

/OO h(t)]dt < oo

— 00

Z |h[n]| < oo

n=—oo

e A transfer function is stable if all the poles are in

the unit circle
8 Discrete Fourier Transform

L = Length of data sequence
M = FIR Filter Length
N = Number of frequencies the DFT is sampled at

N-point DFT
N-1
S 27k s2mkn
X[k] = X(GJT) = Z z[nle TN
n=0

k=0,1,2,...,N—1

H(e?%) cannot be 0 except at a finite number of w
|H (e?*| cannot be constant in the frequency band

|H (e’*| and phase Z/H (e/*) are dependent on each

Inverse DFT

1 Nl
- 2mwkn

Z[n] = N Z X[kle? "~ = zn]
k=0

n=01,...,...N—1
Condition for recovery
x[n] is time limited to less than N
{xp[n] 0<n<N-1

z[n] = .
0 otherwise

8.1 DFT as a linear transformation

1 1 1 e 1
1 Wy wEi oo Wit
1 W2 wi o W
We=11 w2 wio W
1 WJJV'H szvdv—n W;VNfifol)_
DFT
XN = WNI'N
IDFT
1
N = WﬁlXN = NWK/XN
8.2 Properties
Periodicity
X[k] and z[n] are periodic with period N
Linearity
x[n] = a121[n] + asxa[n]
X[k'] = ale[k] + CLQXQUC]
Conjugate
X (K]« 2" [(=k)n]
Time Shift
e~ ¥ X[k 4 2[(n — a)y]
Even/Odd
1 *
Teven[n] = 5 (z[n] + 27 [(=n)n]) & R{X[K]}
1 N .
Zoad[n] = 5 (z[n] — 2" [(=n)n]) & JI{X[K]}

Symmetry
For a real sequence z[n| = 2*[n]

XN = k] = X7[k] = X[(=F)n]

For z[n] real and even, X[k] real and even
For z[n| real and odd, X[k] imaginary and odd

Parseval’s relation

N—-1 ) 1 N-—-1 )
3 lelall = 5 31X
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8.3 Circular Convolution

Can be turned into a linear convolution by padding
x1[n] and x2[n] with zeros so they have length at least

L+M-1
N-1
z1[n] ® xa[n] = x1[k]z2[(n — kY N]
k=0
Example
21 ={1,2,0}, x5 ={3,54}
k -2 -1 0 1 2 3
21[K] 1 2 0
wo[(—Fk)3] 4 5 3 4 5 3| 11=y[0]
w[l(~k)s] |3 4 5 3 4 5|11=yl]
w2(-k)s] |5 3 4 5 3 4|14=y[2
wo[3(—k)s] |4 5 3 4 5 3| 11=y[3
(= z2[(=F)s]
Circular shift
rem(m, N) m >0
(m)ny =qrem(m,N)+ N m < 0,rem(m, N) # 0
0 m < 0,rem(m, N) =0

Circular time shift

1[n] = z[(n = ) N]

Circular frequency shift

s 27ln

x1[n] = z[n]e’ "N

Xy[k] = X[(k = [)N]

8.4 Fast Fourier Transform

e Direct computation of DFT is O(N?)

FFT algorithm is O(N log N)

FFT exploits periodicity and symmetry
e Need to zero pad for length N = 2"

e log, (V) stages, with N/2 multiplications at each

FFT Butterfly

x(4)

x(2)

*(6)

x(1)

x(5)

x(3)

*(7)

Stage 1 Stage 2 Stage 3
X(0)
g X(1)
-1
v ><>< \\//
w w2
8 8 X3)
-1 -1 ::: :: ::<
WD
: X)
] 1
Y Vs )
w9 Wk,
8 8 X6)
-1 ~1
>< ; /\ ) / \
X(7)
1 -1 -1

Computations per output data point

Nlogy(2N)  Nlogy(2N)

L CN-M+1
2 (v +1)
A T Ve

Multi Rate Signal Processing

9.1 Up Sampler

xz[n/L] n=0,£L,+£2L,...

Ty [n| =
uln] 0 otherwise

—N

Xu(ej“) = X(ej“L)

Interpolator

Low pass filter to remove frequency domain images
Gain of LPF should compensate for insertion of zeros,

and hence should be L.
X (ej‘”) = le(ej“’)
u L

e In the frequency domain the spectrum is com-
pressed with factor L and we get L — 1 additional
images of the spectrum.

e Sampling at F; = 1/T, highest frequency compo-
nent of z[n] is 1/2T Hz corresponding to m radi-
ans/sample.

e Highest frequency after upsampling of x,, is 7 radi-
ans/sample corresponding to L/2T Hz.

9.2 Down Sampler
yln] = 2[nM]

M-—1
Z X(e'j(w+2ﬂ—k)/M)
k=0

Y(ej“’) = %
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Single Stage Decimator
Frequencies above 7/M are aliased and should be
removed (decimated) prior to down-sampling

Passband 0 < F < F,
Transition region F, < F < F(< Fy/2M)
Stopband Fs, < F < Fy/2

Multi stage decimator
A factor M decimator can be implemented in K stages
with the advantage of relaxed filter specifications

M =T M;

Fp : sampling frequency at input of decimator
F; : sampling frequency at output of ith stage
F,

i—1
F;, = 1(41

ith stage:

Passband 0< F < F,
Transition region F, < F < F; — Fy
Stopband F; — Fs, < F < F;_1/2

Last stage:

Passband 0 < F < F,
Transition region F, < F < Fy
Stopband Fy < F < Fg_1/2

Ripple Specification (Two stage example)

& =143, 1
5, =

ds

Passband
Stopband

Decimation filter computational saving

(2K +1)M
KM+ K +1

10 Energy Spectrum

Energy over interval N

N

Ey= ) l|zn]f

n=—N
Energy Signals
EF= lim FE
Ngnoo N

oo

= Z lz[n]])? < oo

n=—oo

Power Signals

P= 1
NS 2N + 1

En
N

. 1 2
S

Crosscorrelation
Measure of the degree to which two signals resemble
each other

o

rayll] = Z zlnjyln =1, 1=0,£1,4+2,...

Tay[l] = rya (1]

72y ]| < A/ 7wz (0] [0]

Autocorrelation

rec(l] = > aplaln — 1), 1=0,£1,42,...
Tox[l] = Tox[—]
\7‘1.1.[[“ < Tww[o]
Wiener-Khintchine theorem:
Sz (€7*) is the DTFT of r,,[n]
Implies two ways of computing energy spectrum
1. Compute the DTFT X(e/¥) and Sp.(e’¥) =
X (e7)]?

2. Compute the autocorrelation r,;[l] and S, (e/*) =
DTFT{r..[l]}

10.1 Estimation of energy spectrum

Direct method

oo

Seale) = IX(@)2 =] 3 alnle?

n=-—oo

Estimate of energy spectrum
N-1
S2x() = | 3 sl
n=0

Windowing

e Convolution with mainlobe smooths the estimate
over nearby frequencies

e The frequency resolution is determined by the width
of the mainlobe

e The sidelobes cause sidelobe energy to appear in the
spectrum. This is called spectral leakage

e Smoothing caused by window can be a problem
when we need to resolve signals with closely spaced
frequency components
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Rectangular window
High frequency resolution but large spectral leakage
Hamming window
Lower frequency resolution but smaller spectral leakage

Spectrum estimation with DFT
N-1
- 27k -2k
Sea(@F) = | 3 almlel 0P
n=0

If a clearer picture is needed the data sequence can be
padded with zeros to obtain values at more frequencies
(without increasing resolution).

Resolution can be increased by using more data points

11 Useful Properties

dX ej‘*’ d > —iw > . —jwn
#:% Z x[nle™ = Z —jnz[nle™

Complex exponential shorthand
wh = o—J2mN/M
Parseval’s Theorem

2 1" jwy |2
Dol = o= [ 1X (&) Pdw
= 2 J_.
Energy Density Spectrum
Jua(€7) = |X(e7)* = X () X (e77¥)

Convolution
[n] = i[n] * xa[n] = D wi[klawaln — k)
k=—oc0

Modulation

x[n] = z1[n] cos(won)

. 1 _ .
X(E1%) = 500 (0 10) 4 X, (&)

Geometric Series

k=0
A
k=1
SR p——
— (1—2)

Obtaining an even/odd sequence

z[n] + z[—n]

Ze[n] = 5

z[n] — z[—n]
2
Frequency Response from Pole Zero Plot

Zo[n] =

IT,er0es Vector length from zero to w
I 01es Vector length from pole to w

[H(e")| =

LH(E) = Y Za—= Y Zpi

zeroes poles

Integration by parts

/udv:uvf/vdu
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Partial fraction decomposition table

Type

Factor example

Linear factor

(x—4)

"
I
-

Repeated linear factor

(x=4)?

-0 G-

factar

Quadratic irreducible

(x%+4)

Ax+ 8
(x*+4)

Repeated quadratic
irreducible factor

(x% +4)"

Ax+B _Cx+D
(P +4) (x*+4)7

X, () = Jrals? ke —

Xa )

Xgl#)

v

Nl

x[n]=
qun«T)

X [+) =‘-'J xuu_n_)‘d-’ze'
o

e § 16 il

T![_-F -n._)

n=-pe

. o= A
X (i) 2 T x, (L)

R=pe

X(%) = S#x(] .5

nE e

\‘:En.] .

L

gl
X, (j,

TX(

|

!
fx@ﬂ]

L]

The z-Transform and its Application to the Analysis of LTI Systems  (

2-plane

NN
//~ & : ;~:T¥:5x}
N

Figure 113 A pair of
oscillatory behavior.

ds to causal signals with

plex-conjugate poles corresy

Sec. 3.1

The z-Transform

TABLE 3.1 CHARACTERISTIC FAMILIES OF
oo il SIGNALS WITH THEIR

Signal

ROC

Finite-Duration Signals

. G
% T A %

fTIT .
1]

Two-sided

Infinite-Duration Signals

Causal ?,/
ITTH
0 n
Anticausal
vTTM'r‘ "
0 n
Two-sided
'TTTiTTTo

wert[l1ee, . %

Entire z-plane
exceptz=0

Entire z-plane
exceptz = o

Entire z-plane
except z=0
and 7 = e

Figure 9.1 in Mitra. Spectral transformations in the

discrete domain.
Table 9.1: Spectral transformations of a lowpass filter with a cutoff frequency . .

Filter type Spectral Transformation Design Parameters
Lowpass 27l = J.——Sin( 7 )
- s (5%)
@, = desired cutoff frequency
cos :
" - 144 (E‘%&)
Highpass 77l = -4 . i
1+4z2 CDS(!! ;! )
@, = desired cutoff frequency
cos (2‘2-“;31)
A= —— =
m( z )
4 - 1 N .
- = 22'.:%—%2]"'%1 p:cm(wcz_wcl)m(ﬁ)
e 2ozt 41 2 2
@2, Gy = desired upper and
lower cutoff frequencies
L on(Bere)
cos (gn%m)
—2 24 a—=1 1= " -
- s w1 ]T% i ey — ey W,
Bandstop | = =t [PT™ Tz m'(?)

@e2, e1 = desired upper and

lower cutoff frequencies

10



Tables of Common Transform Pairs

2012 by Marc Ph. Stoecklin — marc@stoecklin.net — http://www.stoecklin.net/ — 2012-12-20 — version v1.5.3

Engineers and students in communications and mathematics are confronted with transformations such
as the z-Transform, the Fourier transform, or the Laplace transform. Often it is quite hard to quickly
find the appropriate transform in a book or the Internet, much less to have a comprehensive overview
of transformation pairs and corresponding properties.

In this document I compiled a handy collection of the most common transform pairs and properties
of the

> continuous-time frequency Fourier transform (27 f),
> continuous-time pulsation Fourier transform (w),

> z-Transform,

> discrete-time Fourier transform DTFT, and

> Laplace transform.

Please note that, before including a transformation pair in the table, I verified its correctness. Nev-
ertheless, it is still possible that you may find errors or typos. I am very grateful to everyone dropping
me a line and pointing out any concerns or typos.

Notation, Conventions, and Useful Formulas

Imaginary unit

Complex conjugate
Real part

Imaginary part

Dirac delta/Unit impulse

Heaviside step/Unit step

Sine/Cosine
Sinc function

Rectangular function

Triangular function

Convolution

Parseval theorem

Geometric series

i =-1

z=a+jb +— z"=a—jb
Re {f(t)} = 5 [F() + f*(2)]
Sm{f(t)} = 55 [f(t) = f*(2)]

= {1 2

uin] {1, n>0

0, n<O0

jr_o—jw

. ed® pe—iv
25

2

e

sin (z) = cos (z) =

sinc (z) = #2=)  (ynnormalized)

x

1|t <
rect(%) = {0 i1t >

NN

triang (&) = rect(£)  rect(4) = {é ok m i;
continuous-time:  (f * g)(t) = [T f(1) g*(t — 7)dT
discrete-time: (uxv)n] = %___ ufm]v*[n —m]
general statement: [ f(t)g*(t)dt = [T F(£)G*(f)df
2@ Pde = [2Z1F ()

2 lenlP = g [T X () dw

n=-—00 2 J—7

continuous-time:

discrete-time:

) E_ 1 n k_ 1—agnt!
Do =15 Dk T =T

2M g+l

in general: Y p_  zF = =L
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Table of Continuous-time Frequency Fourier Transform Pairs

Ft) =FHF(f)} = [T f(t)ed?mItdf

F(fy=F{f@t)} = fj;j’ F(t)e—i2ftqy

transform
time reversal
complex conjugation

reversed conjugation

I
f(=1)
()
(=t

f(t) is purely real

f(t) is purely imaginary

F(f)

F(-f) frequency reversal
F*(=f) reversed conjugation
F*(f) complex conjugation
F(f)=F*(=f) even/symmetry
F(f)=—-F*(—f) odd/antisymmetry
F(f) is purely real

F(f) is purely imaginary

even/symmetry ft)=r*(-t)
odd/antisymmetry ft) =—f*(-t)
time shifting f(t—to)

F(t)er2sat
time scaling f(af)

f (4)

F(f)e=7>mft0

F(f - fo) frequency shifting
1 I

arF (£)

F(af) frequency scaling

linearity

af(t) + bg(t)

aF(f) +bG(t)

time multiplication F)g(®) F(f)«G(f) frequency convolution
frequency convolution @) *g(t) F(HG() frequency multiplication
delta function a(t) 1
shifted delta function 5(t — to) e—Ji2nfto
1 o(f) delta function
ed2m fot o(f — fo) shifted delta function
. . —alt 2a
two-sided exponential decay ealtl ¢>0 Py
e—wt2 e—ﬂ'fz
pimt? I (—1%)
sine sin (27 fot + ¢) 5 [e79%6(f + fo) — 7?6 (f = fo)]
cosine cos (27 fot + @) % [e796 (f + fo) + €795 (f — fo)]
sine modulation F(t) sin (27 fot) LIF (f + fo) = F (f — fo)]
cosine modulation f(t) cos (27 fot) % (F'(f+ fo) + F (f — fo)]
squared sine sin? (t) % [26(f) =6 (f— %) —6(f+%)]
squared cosine cos? (t) % [25(f)+6(f - %) +6(f+%)]
1 <L )
rectangular rect (L) = 2 TsincT
& () {0 [t > % !
[£]
. . 1-42 ¢ <T
triangular triang (&) = T = Tsinc? T
& g(r) {o It >T !
B 1 tzo0 1
step u(t) = 1o, 100) () = {0 t<0 727 T ()
. 1 t>0 L
t) = 1
signum sgn (t) {71 t<0 7
sinc sinc (Bt) L rect <i> =11 5 _ 5.
B B B [-Z . +8]
squared sinc sinc? (Bt) % triang (%)
n-th time derivative 4T () (j2r )" F(f)
n-th frequency derivative t"f(t) W :f—tF(f)
L re—27lf

1+¢2
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Table of Continuous-time Pulsation Fourier Transform Pairs

o(t) = Fo X (W)} = [T a(ei*tdo <225 X(w) = Fo {2(t)} = [T a(t)eIwtdt
Fw
transform x(t) = X (w)
time reversal z(—t) PESE X(—w) frequency reversal
complex conjugation z*(t) PESEN X*(—w) reversed conjugation
reversed conjugation z*(—t) <F——“’> X*(w) complex conjugation
z(t) is purely real METEN X(f)=X*(—-w) even/symmetry
z(t) is purely imaginary PN X(f)=—-X*(—w) odd/antisymmetry
even/symmetry z(t) = z*(—1) PESE X (w) is purely real
odd/antisymmetry z(t) = —z*(—t) I X (w) is purely imaginary
time shifting z(t — to) PN X (w)e—Iwto
x(t)elwot METEN X(w —wo) frequency shifting
. . Fuw 1
time scaling z (af) —= mX (%)
\TI|I (5) PESE X (aw) frequency scaling
linearity az1(t) + bza(t) PEZIN aXq(w) + bXa(w)
time multiplication z1(t)za2(t) PN in (w) * X2(w) frequency convolution
frequency convolution 1 (t) * z2(t) PETIN X1 (w)Xa(w) frequency multiplication
. Fw
delta function o(t) = 1
shifted delta function 5(t —to) PESE e Iwto
1 I 27 (w) delta function
eJwot PELIN 216 (w — wo) shifted delta function
two-sided exponential decay eeltl ¢>0 <F——W> (ﬂiiau;?
exponential decay e~ u(t) R{a} >0 L ajjw
reversed exponential decay e~ %u(—t) R{a} >0 PELIN ajjw
2 52,2
€202 Ly oV2re” 2
sine sin (wot + ¢) PN Jm 67996 (w+ wo) — €76 (w — wo)]
cosine cos (wot + ¢) PETIN 7 [e796 (w+ wo) + €798 (w — wo)]
sine modulation z(t) sin (wot) PESE % [X (w4 wo) — X (w—wo)]
cosine modulation z(t) cos (wot) PN % [X (w4 wo) + X (w — wo)]
squared sine sin? (wot) PETIN 72 [26(f) — 8 (w — wo) — § (w + wo)]
squared cosine cos? (wot) PESE 72 [20(w) + 0 (w — wo) + & (w + wo)]
< T
rectangular rect (%) ! It < 2, <]:——w> T sinc (%)
0 |t[>3
[t]
triangular triang (%) = 1 1 <T <F——“’> T sinc? (%)
0 [t| >T
1 t>0 Fo 1
ste u(t) =1 t) = = 7o (f) + —
p () = 1[0,4-00] (1) {0 t<0 N+ 55
. 1 t>0 Fuw 2
signum sgn (t) = e =
& en (1) {71 t<0 Je
. . Fuw
sinc sinc (T't) == % rect (ﬁ) = %1[,ﬂT,+,rT](f)
squared sinc sinc? (T't) PN % triang (ﬁ)
n-th time derivative Frlf(t) I (Jw)" X (w)
n-th frequency derivative t"™ f(t) PN j”%X(w)
. . 1 Fw .
time inverse i == —jmsgn(w)
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Table of z-Transform Pairs

_ _ zZ _
zn] =2 1 {X(2)} = 271rj fX(z)z" Ldz — X(z) = Z{z[n]} = Zi:’_m z[n]z™" ROC
transform z[n] PREN X(z) R,

. Z 1 1
time reversal z[—n] = X(3) yo
complex conjugation x*[n] P2 X*(z*) Ry
reversed conjugation z*[—n] PEE N X*(Z%) =
real part Refzln]} <=  L[X(2)+ X*(z")] R
imaginary part Smizln]} = L[X(2) - X*(")] R
time shifting z[n — ng] P S z7"0 X (2) R,
scaling in Z a™z[n] PEETN X (Z) la| Rz

j2w
downsampling by N z[Nn], N € Ng £ % Zg;ol X (WA’?Z%) Wy =e '8 R,
linearity az1[n] + bxa[n] PEESN aX1(2) + bX2(z) R: N Ry
time multiplication z1[n]za[n] PRSI % $ X1 (u)X2 (ﬁ) uldu R: N Ry
frequency convolution z1[n] * z2[n] P S X1(2)X2(t) R:NRy
delta function 8[n] P S 1 vz
shifted delta function 8[n — no) << z~"no Yz
Z
step u[n] = ] lz| > 1
—uf-n-1] = |2 < 1
ramp nu(n) P S ﬁ lz| > 1
z +1
n2uln] == ;;jmg lz| > 1
Z 1
—n2u[—n — 1] = fﬁi}; lz| <1
. z 4241
nuln] e |2 > 1
z +4241
—n3u[-n — 1] Z(Z(Z71§4 ) 2] <1
z
o e <1
. z
exponential a"u[n] = = |z| > |al
Z
—a"u[—n — 1] — = |z| <|al
_ z
a™ lufn — 1] —= zia |z > |al
Z
na"uln| — ﬁ |z| > |al
n2a™u[n] = ((lzz(j;;; |z] > |a]
emmuln] = 2 2] > le=¢]
n =0,...,N—-1 -
exp. interval a" n=0, U P2 M |z]| >0
0  otherwise 1—az
. . z i
sine sin (won) uln] 22—312((:?))),2+1 lz| > 1
. z —cos
cosine cos (won) u[n] ZZZEZQ C;:FL:;’Z)ZA |z] > 1
. z i
a™ sin (won) u[n] ZQ_QZQC?:(fO"))Z - |2] > a
= _ «
a™ cos (won) u[n] zZi(zza :;:?:E;;gzzaz lz| > a
differentiation in Z nz(n) P SIN —ZdXd£Z> R,
integration in Z # PEE-N - foz @dz R,
™ (n—itl z
ey Paraln] <=
Note:
z 1
z—1 1—2z"1
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Table of Common Discrete Time Fourier Transform (DTFT) Pairs

“+oo

n=-—oo

1 +r
Z |95[n”2:§/77T

X (7)) dw

z[n] = %fj’: X (e7%)ed“ dw 2Lin X(eI9) =302 x[nleIvn
transform z[n] PEULEN X(eI¥)
time reversal z[—n) FEL X(e™7%)
complex conjugation z*[n] 2L X*(e7Iw)
reversed conjugation x*[—n] PR X*(eIw)
x[n] is purely real SEEL X(eI¥) = X*(e™I%) even/symmetry
z[n] is purely imaginary PEULEN X(eI¥) = —X*(e™I%) odd/antisymmetry
even/symmetry z[n] = a*[—n] JEE X (e7%) is purely real
odd/antisymmetry z[n] = —z*[—n] 2Lin X (e7*) is purely imaginary
time shifting x[n — no) Lk X (edw)e=Iwno
x[n]eiwon LI X (ed(w=wo)) frequency shifting
w—2rk
downsampling by N z[Nn] N € Ny L = IICV:_Ol XN )
n — .
upsampling by N r [N] " kN PLESN X (eINw)
0 otherwise
linearity az1[n] + bxa[n] Lk aX1(e?¥) + bX2(e*)
time multiplication z1[n]z2(n] SIEL X1(e99) * Xo(eI¥) = frequency convolution
% j:Xl(ejW_"))Xg(ej")do
frequency convolution z1[n] * z2[n] Lk X1(e79) X2 (e%) frequency multiplication
delta function d[n] SEEL 1
shifted delta function d[n — ng) PEULEN e Jwno
1 FEE 5(w) delta function
eJwon 2L 5(w — wo) shifted delta function
i i PTFT Lle=i%§ —eti®f (w —
sine sin (won + ¢) = Fe™7%0 (w + wo + 27k) — 17?0 (w — wo + 27k)]
cosine cos (won + ¢) 2L e 995 (w + wo + 27mk) + €135 (w — wo + 2mk)]
1 |n|<M DTFT, sin[w(M+1)]
) 2
rectangular rect (M) {O otherwise sm(@/2)
step u[n] PEUALEN H%Jw —+ %g(w)
. DTFT
decaying step a"uln] (la] <1) — g ]
special decaying step (n + 1)a™u[n] (|a| < 1) LA a 1_j &
T ae—iw
sinc sin(wen) _ we gine (wen) prry oy (i> _ 1wl <we
o i we 0 we<|wl<m
1 0<n<M DTFT, sinfw(M+1)/2] —;
1\ B S sinfw M/2
MA rect (ﬁ - 5) N {0 otherwise sin(w/2) ¢ et
<n< — i .
MA  rect <M’Ll _ %) - {(1) Ot; n< M—-1 DIFT %e—]w(lw—l)/Q
otherwise
derivation nzn) JEE J d% X (edw)
difference z[n] — z[n — 1] PEULEN (1 — e 9%) X (eI¥)
a" sin[wg(n+1)] DTFT 1
sin wq u[n] |a| <1 1—2a cos(woe*J“’)+azc*j2“’
Note:
- iy +o0
o(w) = Z O(w + 27k) rect(w) = Z rect(w + 27k)
k=—o0
k=—
Parseval: =
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Table of Laplace Transform Pairs

_ . j L _
ft) =L H{F(s)} = % lim7 s o0 chjjg F(s)estds — F(s)=L{f(t)} = fj:j f(t)e=stdt
transform f(t) PRI F(s)
complex conjugation £t PN F*(s*)
time shifting fit—a) t=a>0 PR a= % F(s)
e~ f(t) PN F(s+a) frequency shifting
time scaling f(at) PEETN \TllIF(%)
linearity afi(t) +bfa(t) PEE-TN aFyi(s) + bF»(s)
time multiplication F1(t) f2(¢) PEEEN Fi(s) = Fa(s) frequency convolution
time convolution F1(t) = f2(t) PEEEN Fi(s)Fa(s) frequency product
delta function o(t) =t 1
shifted delta function (t—a) PEEAEN e exponential decay
. £ 1
unit step u(t) = <
ramp tu(t) PEEEIN 712
parabola t2u(t) PR 2
n-th power tn —“ %
exponential decay e~at PRI Sia
two-sided exponential decay e—alt| PEEEN azz_‘lsz
— L
te= == 0 +1a)2
(1—at)e @  E= e
exponential approach 1—et £ ﬁ
sine sin (wt) PN ﬁ
. L S
cosine cos (wt) = o
hyperbolic sine sinh (wt) P TN e
hyperbolic cosine cosh (wt) PRSI ==
exponentially decaying sine e~ sin (wt) £ (S+a;"2 7
exponentially decaying cosine e~ cos (wt) £ (S+Z)+2“+w2
frequency differentiation tf(t) PEEIN —F'(s)
frequency n-th differentiation t"f(t) PR (=) F()(s)
time differentiation @) = %f(t) PEEIN sF(s) — f(0)
time 2nd differentiation () = ;Tif(t) PN s2F(s) — sf(0) — f/(0)
time n-th differentiation M) = ddt—r;f(t) =t s"F(s) — s"LF(0) — ... — f(n=1(0)
time integration fg f(r)dr = (ux f)(t) P TN %F(s)
frequency integration %f(t) PEEEN [ F(u)du
-1
time inverse i) PRI %
-1 —2 —n
time differentiation (@) LB % + fsin(o) + fsni,(?) +...+ %@




